
TMA4170 Fourier Analysis

continuous functions and uniform convergence
f : U -> &(or 4)

(f(x)) - If w + el

Sup-norm : 11 fllp : = sup If(x) =>

- bounded if11 fly < *
xe U

Hinstorm convergence : 5
unitf 1fn-flo + 0

Modulus of continuity : Wf(r) : = mp(/f(x)-fly)) : x, y + U , (x - y 1 < +3

=> If (x - f(y)) = wf((x -y))fx, y = 4

-> uniformly continuous E) If(x) - f(y)) = Wf(lx-yl)-O Axe A

2(k) = cont . funcius on KCIR" , bud. closed ( = compact)

(i) ((K) , II'lln Banach space

(ii) fe((k) => - bounded and uniformly continuous



interchanging limits and integrals
(a) ((2a ib))7 fun f =>himSfdx =f

(b) f(t , x), (t , x) + (([d]x(ab)) = x=x

(c)ful uniformly convergentto =>botadx=
fut (([a .b])

Weierstrass M-test : 1/fully Mr ,Mus = fuk) uniformly and

absolutely convergent



Riemann integral/integrable functions
Partition P : a = Xo <X +<X ... Xn = b

Upper/lower sums :

U(p
, f) := (upf( , Ij =( , Xi , (j) = xj - xi -

Ij
-(P . f) :

=[infl
must be =

Riemann integral : 19f(xdx := infU(p, f) = <up[(P , +)
P P

- Exists if and only if f is :

Riemann integrable : FRO -P such that U(P, f) -1(P
, f) <<
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Riemann integral and LP-norms

Riemann integrable function :

(i) f , g R
.

- int
., CER , yeC(R) => f + cg , f . g , 4 (f) R

.

- out.

(ii) cont ., pur cont, and monotone funcius are R
.
-int.

(iii) Not R .

- int. : f = Xq(x) , f = x
indicator In Xa( =& *AA

Step function : S(X) =j(x)
-norm : 11 flu := (Sulft

, pert , d)

Approximation :

For any R . int . f on [a .b] , 59fuBn of step/C/Ch funcius
such that :

(i) /I fulls : Ifll0
,
(ii) Ilf-fullp-0 F pe[1 ,

b)



Lebesque L"-spaces

R"(U) : = 3f R . - int. on U : //fllp < DY

=> II . llp not norm on RP
,
R* could not be complete , not good !

L
? (U) : = 3- Lebesque measurable : 11 fllp > n]

-> Banach space If figSX : FMFg(3 has measure O (null set)

Holder inequality : p . qt[10] , += 1 => 11f-glp- > If/p/g/q
Cor: 1 = =q =*, U bnd. = (a) Il fllp-c1If(q) (b) <

*

(U)cL*/)cLu)L(U)

Approximation :

For any fe("(U) , pel .0] , ESfubn of Step/C/Ch funcius s
.

t.

Ilf-fullp - 0


